The combined absence of physical realizations of the U A (1) symmetry possessed by the classical QCD action in the chiral limit, and of an isoscalar Goldstone boson associated with its spontaneous breakdown, has been dubbed the U A (1) problem. A formal resolution of this problem proposed by 't Hooft relies on instantons to provide a mass to the would-be Goldstone boson (η ′ ).
I. INTRODUCTION
The complexity of QCD makes the use of effective theories a natural and important tool.
The dominant role of dynamical chiral symmetry breaking at low energies and the mass gap in the hadron spectrum between the eight Goldstone modes (π, K, and η) and the higher mass states has lead to the successful description of low-energy phenomena by chiral perturbation theory(χPT) [1] . In the case of the flavor singlet pseudoscalar meson π 0 1 this division is not as clear, in particular with regard to the limit of a large number of colors N c . In the large N c limit the π 0 is a Goldstone mode [2] , and its treatment by χPT as a higher mass state (which is integrated out) leads to the anomalous behavior of one of the chiral low energy (Gasser-Leutwyler) coefficients L 7 , that is, L 7 ∝ N 2 c [3] . The extra factor of N c is supposed to result from the N c -dependence of the π 0 mass, m π 0 ∝ 1/ √ N c , through the simple quark-antiquark annihilation picture shown in Fig.1 Unfortunately things are not as simple as the diagram of Fig.1 suggests. Although the triangle diagrams break the U A (1) symmetry anomalously the π 0 remains still massless in the chiral limit as long as the gluon propagators are the perturbative ones. Kogut and Susskind [4] showed that using a nonperturbative ansatz for the gluon propagator which diverges like D(q 2 ) ∝ 1 q 4 in the infrared limit q 2 → 0 could actually generate a mass for the π 0 . What makes their approach even more attractive is the fact that such a gluon propagator generates a confining potential for the quarks if used in a quark-quark interaction (for a review c.f. [5] ). Furthermore it should be noted that such a 1 q 4 singularity has also been extracted from studies of the gluon propagator in the Dyson-Schwinger approach [6, 7] .
A formally different path to the U A (1) problem was proceeded by 't Hooft [8] who proposed that U A (1) breaking as well as an π 0 mass occur from the interaction of the quarks with a nontrivial topological vacuum configuration of the gauge field, called instantons. Due to the large success of instanton based approaches to nonperturbative QCD (for a recent review c.f. [9] ) many quark based effective chiral theories from the Nambu-Jona-Lasinio type [10] which use a contact quark-quark interaction have incorporated this mechanism by adding a 't Hooft determinant which is a 6-quark point interaction in case of SU(3) flavor by hand to the original four quark point interaction (for reviews c.f. [11] ). On the other hand the formal solution proposed by 't Hooft [8] seems to be in conflict with the simple N c counting arguments [2] . In refs. [2, [12] [13] [14] [15] [16] the general form of an effective chiral mesonic interaction which gives rise to a mass for the π 0 but not to the Goldstone octet and is consistent with large N c QCD was derived and used in various meson based effective chiral models.
It is the aim of this paper to illustrate how the phenomenological notion proposed by Kogut and Susskind [4] arises in quark-based effective theories. To do so we include explicitly correlatedexchange diagrams from the non-Goldstone type. In general such exchanges can include color octet correlations and are therefore not considered in meson-resonance [1, 17] or dispersion-relation [18] extensions of chiral effective theories. Using a model gluon propagator with the Kogut-Susskind 1 q 4 singularity and performing a low energy expansion of these corrections in the same way as it has been recently done for the leading order term [19] will then render an effective interaction which is exactly from the form used in refs. [2, [12] [13] [14] [15] [16] . Although our approach is only semiquantitative at the present stage we are able to generate the U A (1) anomaly as well as an π 0 mass directly in a quark based effective theory without introducing explicitly instanton configurations.
Our paper is organized as follows: In section 2 we exhibit the path from QCD to an effective quark-quark interaction and its bosonization through the introduction of bilocal fields. These fields will be separated into Goldstone modes and other collectiveqq modes.
The main results of the saddle point expansion are briefly reviewed. In section 3 we perform an integration over the non-Goldstoneqq modes which generates higher resonance exchange as well as triangle quark annihilation diagrams in addition to the saddle point effective action. Among those we focus especially on the triangle quark annihilation diagrams, which break the U A (1) symmetry. Section 4 discusses the properties of a model gluon propagator with a Kogut-Susskind infrared 1 q 4 singularity and shows that such a singularity is necessary and sufficient to create a mass term for the flavor singlet Goldstone boson, i.e. the π 0 . In section 5 we perform a low energy expansion of the corresponding effective action and show that it is of the form obtained in refs. [2, [12] [13] [14] [15] [16] which is consistent with large N c QCD. A summary and discussion is given in section 6.
II. FROM QCD TO THE EFFECTIVE QUARK-QUARK INTERACTION
We begin by writing the QCD partition function in terms of an expansion in gluon n-point functions as
where j a ν (x) ≡q(x) λ a 2 γ ν q(x) is the quark color current, and ψ(x) is an external source field. The two-point function, D ab µν , for example is given by
It should be noted that this definition of the function D ab µν does not include quark loops, which arise after the quark-field integration, and includes in principle all powers of 1/N c .
One should therefore, for the purposes of N c counting, write
where [D (n) ] ab µν ∝ (1/N c ) n . For example, [D (0) ] ab µν contains only planar graphs.
Here we will truncate the expansion (2.2) to include only the two-point function, and thereby define an "effective" model based on the quark-quark interaction D ab µν (x − y). This model truncation has become known has the global color model and has been used successfully for the description of low energy chiral physics [20] [21] [22] 19] , meson form factors and spectra [23, 22] , the soliton [24] and Fadeev [25] description of the nucleon and QCD vacuum condensates [26] (for reviews c.f. [27] and references therein).
The partition function for this model is given by
where for convenience a Feynman like gauge D ab µν (x − y) = δ ab δ µν D(x − y) for the gluon propagator is employed.
It should be noted that the Nambu-Jona-Lasinio(NJL) model [10] is obtained from (2.6) in the limit D(x − y) = δ(x − y)/M 2 , with M the appropriate mass scale, rendering an effective four quark contact interaction. The introduction of an ultraviolet cutoff is required in this special case in order to make the quark loops finite.
As in our previous work, to make explicit contact with meson degrees of freedom we employ here the standard bosonization procedure [28, 29, 20] . This entails rewriting the partition function in terms of bilocal meson-like integration variables and expanding about the classical vacuum (saddle-point of the action).
The resulting expression for the partition function in terms of the bilocal-field integration
where the action is given by 7) and the quark inverse Green's function, G −1 , is defined as
Here the quantity Λ θ is the direct product of Dirac, flavor SU(3) and color matrices
which arises from Fierz reordering the current-current interaction in (2.6)
The saddle-point of the action is defined as δS δB B 0 ,ψ=0 = 0 and is given by
These configurations provide self-energy dressing of the quarks through the definition Σ(p) ≡
, (2.12) and B(p 2 ) = g 2 16 3
.
This dressing comprises the notion of "constituent" quarks by providing a mass M(p 2 ) =
The bilocal fields are then expanded about the saddle point as,
to generate the effective interactions of the fluctuations,B. At this point these interactions are produced by the quark-field determinant TrLn ∂ + Σ + Λ θBθ and therefore occur through the dressed-quark loops.
The connection between the bilocal fluctuation fields and the local fields of standard hadronic field-theory phenomenology is made as follows. The bilocal fields contain information about internal excitations of thepair in addition to their net collective or center-ofmass motion which is to be associated with the usual local field variables. A separation of the internal and center-of-mass dynamics is achieved by considering the normal modes of the free kinetic operator of the bilocal fields in a manner which is analogous to the interaction representation of standard quantum field theory. Details of the localization procedure can be found in refs. [28, 29, 20] . The process amounts to a projection of the bilocal fieldB θ onto a complete set of internal excitations Γ θ n with the remaining center-of-mass degree of freedom represented by the coefficients π θ n (P ) ≡ d 4 qB θ (P, q)Γ θ n (P, q). The bilocal fluctuations can thus be written asB
The functions Γ θ n are in general eigenfunctions of the the free kinetic operator of the bilocal fields. At the mass shell point, P 2 = −M 2 n , they satisfy the homogeneous Bethe-Salpeter equation in the ladder approximation for the given quantum numbers θ and mode n. This modal expansion is then used to localize the action.
Our previous work [19] was restricted to the study of the Goldstone octet by explicitly neglecting all other fluctuations. Here we wish to extend that work by including and explicitly integrating out all of thefluctuations except the would be Goldstone ones, i.e. the ground state pseudoscalar nonet. In doing so we will generate resonance-exchange and quark-annihilation diagrams; the latter being associated with the 1/N c corrections. To this end we write the full bilocal field of (2.14) as
where B θ U (x, y) includes the vacuum configuration and the ground-state pseudoscalar nonet fluctuations,
and B θ E (x, y) includes all other excitations,
It is important to note that in (2.18) the sum is restricted, which has been denoted by the ′.
Therefore, due to the completeness of the Γ θ n (P, q), B θ E (x, y) is proportional to a projection operator that excludes the ground-state pseudoscalar nonet fluctuations. Further in (2.17)
with P R,L the usual chiral projection operators.
In terms of the would be Goldstone fields B θ U (x, y) and the excitations B θ E (x, y) the action of (2.7) is given by
where we have discarded a constant term. Expanding (2.20) to second order in the excita-
In the first term of (2.21) the fluctuations are restricted to the pseudoscalar (would be Goldstone boson) nonet. As we will discuss in detail in the next section the second and the third term of (2.21) will give rise to higher resonance exchange diagrams as well as trianglēannihilation diagrams which break the U A (1) symmetry.
So far only the first term of (2.21) has been studied. Its real part can be written as 2
where G −1 U is, from (2.8) and (2.17), given by
The chiral effective action is obtained by performing a gradient expansion of (2.24)(details are given in ref. [19] ). The result to fourth order is (in Euclidean space)
where χ(x) = −2ψ(x)/f 2 π and the remaining trace is over flavor. In obtaining this result the equation of motion
have been used. Explicit forms of the coefficients are also given in ref. [19] .
Finally it should be noted that in terms of N c counting S U is of order O(N c ).
2 In the following we will restrict ourselves only to the real part of the action. The imaginary part
gives rise to the Wess-Zumino term after gradient expansion which is connected to chiral (non abelian) anomaly.
III. INTEGRATION OVER THE NON-GOLDSTONE MODES; TRIANGLE

EFFECTIVE ACTION
A. Integration over the Non-Goldstone Modes
As the next step we now perform the functional integration over the excitation fields B θ E but not over the would be Goldstone fields B θ G , or, in other words, we treat the would be Goldstone fields at the mean field level (stationary phase approximation). It is convenient to introduce the abbreviations:
We now apply the general rule for the functional integration over a boson field φ
from which we obtain the complete mean field effective action for the would be Goldstone modes as:
where S U has been discussed in the last section and the two other terms are given by
5)
Let us now discuss these new two terms, which arise due to the inclusion of correlatedqq exchange of the non-Goldstone type, in more detail.
B. Resonance Exchange Diagrams
From the form of (2.23) and the saddle point condition (2.11) it follows that J θ has to be at least of first order in the would be Goldstone fields U 5 − 1. Furthermore it should be recalled that the field B θ E defined in (2.18) is proportional to a projection operator that excludes all the would be Goldstone modes. Therefore the first contribution of J θ to the second term in (2.21) must be of second order in the would be Goldstone fields. Altogether it follows that S res in (3.5) must be at least of 4th order in the would be Goldstone fields.
To be more explicit let us separate the inverse quark propagator G U −1 in (2.25) in case of a vanishing external scalar source ψ ≡ 0 into a "free" part and the would be Goldstone field "background"
which gives rise to an expansion of G U in terms of B(U 5 − 1)
9)
A similar expansion may be obtained for the operator D which was defined in (2.22) and describes the propagation of a resonance (qq excitation) in the presence of a "background"
11)
Inserting these expansion into the definition of S res (3.5) together with (2.23) and reapplying the Fierz relation (2.10) renders an expansion for S res . A typical diagram is displayed in Fig.2 . The dashed lines stand for U 5 − 1 "background" field insertions, whose minimal number are four, as we have discussed above.
All those diagrams are of order O(N c ) such as S U itself. As it has already been discussed in some more detail in ref. [19] they generate higher resonance exchange contributions to the interactions between the would be Goldstone bosons in addition to simple quark loop diagrams such as Fig. 3 coming from S U . An example would be e.g. the ρ meson exchange pole in π − π scattering. However, as also discussed in ref. [19] , the main contribution to the chiral low energy coefficients L i is already given by the simple quark loop diagrams Fig.3 , which obviously can reproduce the low energy tail of the resonances satisfactorily. Therefore the diagrams arising from the new action S res (Fig.2) do not seem to play a very important role for low energy chiral dynamics.
C.qq Annihilation Diagrams; U A (1) Breaking
Let us now come to the main focus of this paper, which are theqq annihilation diagrams, commonly referred to as triangle diagrams, which arise from the action S ∆ (3.6). In order to see this we use the expansion (3.10) in (3.6) and obtain after dropping a constant
Using the explicit definitions (3.11) and again reapplying the Fierz relation (2.10) leaves us
diagrammatically shown in Fig.4(a) , which vanishes due to the color trace. The first non vanishing contribution is
which is diagrammatically shown in Fig.4(b) .
As we see all the diagrams of Fig.4 and therefore S ∆ itself is of one order 1 Nc higher than S U as well as S res .
It is also rather obvious now that due to the presence of these diagrams the U A (1) symmetry of the global color model is anomalously broken in the same way as in case of the axial anomaly (Adler-Bell-Jackiw anomaly) (c.f. [3] and refs. therein). It should be noted at this point that this would be actually the case even if we were dealing only with purely perturbative quark propagators without any gluon dressing.
IV. MASS TERMS FOR THE PSEUDOSCALAR NONET
Although the presence ofqq annihilation diagrams ( Fig.4) which arise from the integration over higher mass states, breaks the U A (1) symmetry they do not guarantee a priori a finite mass for the flavor singlet pseudoscalar would be Goldstone boson, the π 0 . This point has been commonly dubbed the "U A (1) problem" in the literature.
A. The Action S ∆ [U ] for Constant Background Field U : Naive Treatment
In order to understand this point in the context of our approach let us investigate the low energy structure of the effective action S ∆ in some more detail. The mass term is given as the zero of the inverse propagator for the pseudoscalar meson mode. The easiest way to see if the mass of a certain would be Goldstone mode is finite or remains zero after the inclusion of S ∆ is therefore to expand S ∆ up to second order in the pseudoscalar fields π i assuming that the π i are space time constants. Although the term obtained in that way would be identical to the mass term only in a chiral expansion, i.e. if m 2 π i is small, the fact that this term is present is a necessary as well as a sufficient condition for the existence of a finite m 2 π i . Let us look at the first non-vanishing contribution to S ∆ (3.14) . Due to (2.19) the matrix U 5 can we written as:
where the index i runs from 0 to 8, i.e. includes the full pseudoscalar nonet. If the fields π i and therefore U 5 and g 5 are x-independent the full quark propagator in the presence of a background field G U is related to the "free" quark propagator G 0 by
and therefore the relevant terms in (3.14) are identical to their vacuum values (U ≡ 1 1)
It is easy to see that this applies also to diagrams with 3 or more gluon exchanges, i.e. to all terms in the series (3.12) . From this one might naively conclude that as long as the field π i is constant there can be no terms quadratic in π i from S ∆ , and therefore no finite mass m π i . However this is not the case. The reason is that the integral in (3.14) may be infrared divergent depending on the model gluon two point function D(q 2 ) used as input and, as we will show in the following, this can indeed lead to a finite mass term for the flavor singlet pseudoscalar meson π 0 , but not for the flavor octet ones.
B. The Action S ∆ [U ] in Second Order π 0 : General Expression
In order to demonstrate this effect let us write down the general expression for S ∆ of second order in the mesonic fluctuation. From the form of (3.14) it is obvious that two different type of terms can arise, displayed in Fig.5 : the "real" triangle diagrams ( Fig.5(a) ), which have one meson field from each of the tr[. . .] terms in (3.14) , or diagrams such as ( Fig.5(b) ), which have two meson fields from one tr[. . .] term and none from the other. Of main interest in our case are the "real" triangle diagrams ( Fig.5(a) ). Therefore let us focus on them for the moment, we will briefly return to the other ones later.
It is obvious that the diagrams from type Fig.5(a) only survive in case of the flavor singlet meson (π 0 ), because for the flavor octet ones the flavor trace vanishes identically.
It is convenient to work in momentum space. With the notation of Fig.6 we obtain for the quadratic term in π 0
(4.5)
Working out the traces gives
Here T is given as an integral over the self energy functions A(s) and B(s) and their derivatives, which on dimensional reason has to be of dimension [mass] 0 . The exact form can be worked out in a straightforward way similar than the low energy coefficients L i in ref. [19] .
From (4.6) one now realizes that the integral over q is finite despite the δ 4 (q) if and only if the gluon two point function D(q 2 ) diverges as 1 q 4 or faster for q 2 → 0. This effect had been discussed by Kogut and Susskind [4] in a somewhat different context. From the argumentation above it is also clear that this mechanism works only in the diagrams from the type Fig.5(a) , i.e. the "real" triangle diagrams, where the momentum q coming from the meson field is flowing through one of the gluons. It would not apply to the diagrams from the type Fig.5(b) . Those diagrams are contributions which contain a gluon propagator with an internal quark loop, which was not the case in the original model gluon two point function we started from. The corresponding effect can be absorbed in the redefinition of the model gluon two point function at NLO in 1 Nc . Altogether, the important consequence for our analysis is, that only the flavor singlet pseudoscalar will acquire a finite mass, whereas all the flavor octet ones remain massless Goldstone bosons and therefore the chiral SU(3) ⊗ SU(3) symmetry remains still valid.
C. Infrared Singularities for a Simple Model Gluon Propagator
In order to study the effect of an 1 q 4 infrared singularity in some more detail, let us consider a simple model gluon two point function from the Kogut-Susskind type, which has also been used by Marciano and Pagels [5] 
where µ is an energy scale and ǫ an infrared regulator and regarded as small. The solutions of the Dyson-Schwinger equations (2.12) and (2.13) are in the limit ǫ → 0
Because we want to focus on the infrared effect we will cutoff the momentum integrations in the ultraviolet region. As it is clear from the equation for B(s) in (4.8) this cutoff is of the order O µ 2 ǫ . It should be mentioned in this context that the quarks obtained in that way are "confined" in the sense, that the quark propagator G 0 does not have a pole at timelike momenta. This is a direct consequence of the 1 q 4 singularity of the quark-quark interaction. From the form of (4.8) one can deduct that the scaling behavior of any quantity of dimension [mass] n which is given as momentum integral over an expression containing only A(s) and B(s) must be µ 2 ǫ n 2 ; so one has e.g.
i.e. f π 2 is IR divergent and has to be regularized, whereas the chiral low energy coefficients
i.e. they are IR finite and become pure numbers. However for the mass of the flavor singlet pseudoscalar ground state m π 0 2 the case is different due to the integration over the gluon propagators in (4.6) which renders
giving finally
where C denotes a numerical constant. This means that we can take the IR limes ǫ → 0 before performing the q integration and therefore obtain a finite value for the whole expression.
Keeping in mind that the T is dimensionless and therefore scales as 1 due to the argument presented above and using the scaling of f π 2 (4.9) we can read off the scaling for m π 0 2 as m π 0 2 ∼ µ 2 (4.13) This means also that m π 0 2 is IR finite. Although we have derived this basic result only in case of the 2 gluon exchange diagram (3.14) one can easily show by induction that it holds for 3 or more gluon exchanges and therefore for the whole expansion (3.12).
V. THE WITTEN-DI VECCHIA-VENEZIANO ACTION
Finally let us look at the general form of the action S ∆ with an x-independent field U, if we use a gluon propagator with the Kogut-Susskind 1 q 4 singularity and take the IR limes as described in the last section. Again we do this for the two gluon exchange diagrams (3.14) , by induction it can be easily generalized for any term of the series (3.12) . So far we have shown that there are terms quadratic in the flavor singlet but not in the flavor octet pseudoscalar fields. The question is now, what happens with the non quadratic terms.
Because of parity the number of fields must be even, therefore the next possible term must be of fourth order. Typical diagrams are displayed in Fig.7 . Applying the method described in the last section one finds easily that those diagrams scale proportional to ǫ. More general the scaling for a diagram with 2j external bosons is
This means that all diagrams with 4 or more pseudoscalars are suppressed by powers of ǫ µ 2 compared to those with 2 ones and therefore vanish in the limes ǫ → 0. in other words the effective action coming from theqq annihilation diagrams is of the form
where λ is a numerical constant and the . . . denote terms with gradients.
This, however, is exactly the form of an effective action containing a flavor octet pseudoscalar which has been obtained Witten, di Vecchia and Veneziano [2, [12] [13] [14] from general 1 Nc counting arguments and its effect in effective chiral Lagrangians was studied by various authors [15, 16] . This means that the action we have obtained by integrating over the higher mass excitations with an IR singular gluon propagator from the Kogut-Susskind type is fully consistent with the analysis of refs. [2, [12] [13] [14] .
VI. SUMMARY AND DISCUSSION
Let us briefly summarize the most important issues of our analysis: We are considering a model truncation of QCD (2.6), which is based on a very general form of a quark-quark interaction defined by a model gluon propagator D(q 2 ). We have shown that in this approach we are able to generate triangle diagrams as a series of multi gluon exchanges by integrating out the non would be Goldstone degrees of freedom while treating the would be Goldstone degrees of freedom at the mean field level. Those diagrams are of one order 1 Nc higher than the leading term and break anomalously the U A (1) symmetry. We then have examined the conditions for the creation of a finite mass term for the flavor singlet pseudoscalar ground state. It turned out that it is necessary and sufficient that the gluon propagator D(q 2 ) diverges (at least) as 1 q 4 in the infrared (q 2 → 0). As a special case we have looked at a Kogut-Susskind type IR divergence D(q 2 ) ∼ 1 q 4−ǫ where ǫ is an IR regulator. This type of quark-quark interaction gives rise to confined constituent quarks. The propagator for the flavor singlet pseudoscalar develops a nonzero, IR finite mass m π 0 in the IR limes ǫ → 0. The flavor octet pseudoscalars remain massless Goldstone bosons and the chiral SU(3) ⊗ SU (3) symmetry remains untouched. Moreover we have shown that a low energy expansion of the action action coming from these triangle diagrams gives exactly the well known form
[LnDetU] 2 proposed by Witten, di Vecchia and Veneziano if the IR limes is taken as described above. Therefore our approach is consistent with general 1 Nc counting. It is interesting to compare our case with the Nambu-Jona-Lasinio (NJL) type models [11] , which, as we have mentioned earlier, can be regarded as a special case of the model truncations we consider, namely where the quark-quark interaction reduces to a four point interaction in coordinate space D(x − y) ∝ δ 4 (x − y) and an appropriate UV cutoff is applied. In momentum space D(q 2 ) is then a finite constant and according to our analysis it is therefore not possible to generate a finite η ′ mass in the NJL by this way. In order to do so one has to add a six quark ('t Hooft) interaction [8] by hand to the original NJL interaction. This 't Hooft type interaction can be attributed to topological nontrivial vacuum gauge configurations, known as instantons [9] . We want to point out once more that instantons are not present in the approach we have used, but all nonperturbative effects are due to the IR behavior of the quark-quark interaction. It seems, however, that instantons and our nonperturbative form for the quark-quark interaction describe in different ways nonperturbative QCD, as it is reflected e.g in dynamical chiral symmetry breaking, the existence of nonperturbative vacuum condensates, or, as in our case, the U A (1) anomaly and η ′ mass.
It is clear that our treatment is far from being able to make a quantitative statement about the flavor singlet pseudoscalar mass at the present stage. In order to do so we would first have to consider a more realistic gluon two point function, and not only the "infrared bulk" as it is the case for the form (4.7). Moreover it should be recalled that we are dealing with a series of non perturbative multi gluon exchange diagrams (3.12) , which are all of the same order and therefore have to be summed up.
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